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@ Importance of GMRFs
@ Latent Gaussian Models
@ Bayesian Inference

@ Key component: (a new) Sparse matrix solver
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Multivariate Normal distribution

@ Random vector (xq,...,Xn)
@ (Scaled and centred) density

1
7(x) o |Z| 72 exp (—szz—lx>

@ X isthe (SPD) covariance matrix
® X; = E(xx;)
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Multivariate Normal distribution

O

Random vector (x1, ..., Xn)

(Scaled and centred) density

1
7(x) o |Z| 72 exp (—szz—lx>

Y isthe (SPD) covariance matrix
T = E(ax)
Yi=0&x Lx(i#))
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Conditional independence and GMRFs

@ Conditional independence of x; and x;, equals
independencein

m(Xi, X | X—ij)
@ Theresultis, with @ = X!, that
Q,‘j:0<:>X,'J_Xj‘X,,'j

@ This is potentially very very useful, as
o If Qis fully connected then X is dense
(Cayley-Hamilton thm)
e Explain dependence by a sparse Q
@ Sparse matrices: faster computations
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Example: Markov processes in time P

@ Auto-regressive process of order 1
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Example: Markov processes in time

@ Auto-regressive process of order 1

A
‘*’%ﬂ)})
Xt = PXt—1 + €t,

0<¢ <1,
with Gaussian noise ¢

t=1,.
@ Linear graph
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Conditional independence

Example: Markov processes in time P

@ Auto-regressive process of order 1
Xt =Pxe—1+€, 0<¢o<l, t=1,...,n

with Gaussian noise ¢
1 -0

@ Linear graph 6 148 6
@ Qistridiagonal (factorisation cost O(n))

-6 1+¢* —¢
—¢ 1



Conditional independence

Example: Markov processes in time s

G

@ Auto-regressive process of order 1
Xt =Pxe—1+€, 0<¢o<l, t=1,...,n

with Gaussian noise ¢

@ Linear graph ¢ 1 ¢ ¢ ¢ ¢ ¢
e o @ o 1 6 P & o
@ Qistridiagonal (factorisation cost O(n)) # ¢ 6 1 o ¢ ¢
il . . ot ¢* 6 9 1 ¢ ¢
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Conditional independence

Example: Markov processes in time S

(]

@ Auto-regressive process of order 1

Xt =Pxe—1+€, 0<¢o<l, t=1,...,n

=001
~4=08

with Gaussian noise ¢; [REL)

@ Linear graph e
@ Qistridiagonal (factorisation cost O(n)) 4

@ X is ¢~ Il (exp-correlation function) i
@ Cont.time: Ornstein-Uhlenbeck process

dxy = —0x¢ dt + dWs, I I T I R I
Wiener process W;
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How does correlation work?

@ Let

S )]

X1=21+ 1

Xop =2 + |4
@ z;,2,, 1 are independent zero mean Gaussian’s
@ Var(u) = o2, Var(z) =1

@ Then

COI’F(Xl,Xz) =

02 +1
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Conditional independence Hierarchical formulation

How does correlation work? P
@ Let
X1=21tu
X2 =22+ |

@ 71,2, i areindependent zero mean Gaussian’s
@ Var(u) = o2, Var(z)) =1

@ Then

0_2

o2 +1
@ This is an constructive/intuitive way to introduce correlation (which is
a ‘consequence’ of the construction)

Corr(xy,x2) =
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Conditional independence

How this influence sparsity?
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X X
QXl,Xz = (X X)

QXl,quu

X X
X X X
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What are good “operations” for GMRFs?

Conditioning x1 |x;
Iy 212) (Qn le)
Z: —
(ZIZ I Q Q, Qx»

Var(xi|x;) = 11 — X %], Prec(x1|x2) = Qu
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Updating/Learning:
then we observe

x~N(0,Q")
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Conditional independence Hierarchical formulation

What are good “operations” for GMRFs? P

Updating/Learning:

x ~N(0,Q")
then we observe
yix ~N(x, Q%)
Var(xly) = (St + 5,1 Prec(x|y) = Q, + Q,



What are good “operations” for GMRFs?
Distribution of sums:

) ]

D)
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N=X+y+z
wherex ~ N(0,Q,%),y ~ N(0,Q,')andz ~ N(0,Q; ')
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What are good “operations” for GMRFs?
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What are good “operations” for GMRFs?

0.

Distribution of sums:
n=x+y+z

wherex ~ N(0,Q,%),y ~ N(0,Q,')andz ~ N(0,Q;1).

Q= (et +Qt+QY) "

Q,, is (in general) dense and it is costly to update Q,,

The covariance formulation is easy

Marginalisation destroy sparsity...



What are good “operations” for GMRFs?

Distribution of sums:
n=x+y+z

wherex ~ N(0,Q,%),y ~ N (0,Q,') and z ~ N (0,Q;1).
@ Using “e” with high precision 7

N=X+y+z+e
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What are good “operations” for GMRFs?

Distribution of sums:
n=x+y+z

wherex ~ N(0,Q,%),y ~ N (0,Q,') and z ~ N (0,Q;1).
@ Using “e” with high precision 7

n=X+y+z+e

@ Then
n T —7l -l -7l
x| Q, + 7l 7l 7l
var y| Q, + 7l 7l
z Q,+ 7l
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What are good “operations” for GMRFs?

Distribution of sums:
n=x+y+z

wherex ~ N(0,Q,%),y ~ N (0,Q,') and z ~ N (0,Q;1).
@ Using “e” with high precision 7

nN=X+y+z+te

@ Then
n o Y | —l —l
Var X _ Q, + 7l Tl Tl
y Qy + 7l Tl
z Q,+ 7l

@ Good practical solution unless choice of 7 becomes an issue
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What are good “operations” for GMRFs?

Distribution of sums:
n=x+y+z
wherex ~ N(0,Q,%),y ~ N (0,Q,')andz ~ N(0,Q;1).

@ Using cummulative sums

X X+y+z
y|=| y+z
z z
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What are good “operations” for GMRFs?

O

Distribution of sums:
n=x+y-+z

wherex ~ N'(0,Q;1),y ~ N(0,Q,%) and z ~ N(0,Q;?).

@ Using cummulative sums

X X+y+z
y|=| y+z
z z
@ Then
X QT
Var{y | =1 " Q+Q: - Q
z

@ More efficient, but no access to x and y directly.



Conditional independence Hierarchical formulation

Additive regression models/GLM++ P

@ Linear predictor

LONGITUDINAL, AND

BAYESIAN SURVIVAL,
77i=,u+§ Bizij + 1+ Fai + - -
J JOINT MODELS WITH INLA

Longitudinal Survival

with observations

y,-] ] 7T(y,'|’l7,',...)

Time

Denis Rustand, Janet van Niekerk,
Elias Teixeira Krainski, and Havard Rue




Conditional independence Hierarchical formulation

Additive regression models/GLM++

(]

@ Linear predictor

- .. . T BAYESIAN SURVIVAL,
ni=p+ Z Bjzip + fri + Foi + LONGITUDINAL, AND
J JOINT MODELS WITH INLA

Longitudinal Survival

with observations

y,-] ] 7T(y,'|’l7,',...)

Time

@ f, is a Gaussian process, think times-series,

Denis Rustand, Janet van Niekerk,

Spatial-mOdel, Spline, some kind of Elias Teixeira Krainski, and Havard Rue
dependent ‘random effect’, measurement
error model, etc...




Conditional independence
Key observation

@ Ifeach f, is a GMRF, then
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(X

X = (ﬁl?ﬂZa"'afl’fZa"')
is also a GMRF with precision matrix Q
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Conditional independence Hierarchical formulation

Key observation

O

@ If each fy is a GMRF, then ™,

XZ(ﬁl?ﬂZa"'vflva’"')

is also a GMRF with precision matrix Q

@ Letn = Ax. Assume Gaussian data with unit
variance, then x|y is a GMRF with precision
matrix

Q+AA




Conditional independence Hierarchical formulation

Key observation

@ If each f, is a GMRF, then

XZ(ﬁl?ﬂZa"'vflva’"')

is also a GMRF with precision matrix Q

@ Letn = Ax. Assume Gaussian data with unit
variance, then x|y is a GMRF with precision
matrix

Q+AA

@ Non-Gaussian data: “sequence of
Gaussian-data”

O

June 2026

14/24



Keep it in the family!

S

GMRFs is closed

@ sums




Keep it in the family!

S

GMRFs is closed
@ sums

@ conditioning




Keep it in the family!

S

GMRFs is closed
@ sums

@ conditioning




Keep it in the family!

S

GMRFs is closed
@ sums
@ conditioning
iff done right: no marginalisation!
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Bayesian inference: Latent Gaussian models (LGMs)

Q.
-

The most important class of models...

@ Conditionally independent data y;|n;, 6
@ Latent

ifm
n = Z,Bjcij + kai
j K

Birgir Hrafnkelsson Editor

Statistical
Modeling Using

Bayesian Latent
Gaussian Models
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Conditional independence

Bayesian inference: Latent Gaussian models (LGMs) = P

The most important class of models...

@ Conditionally independent data y;|n;,
@ Latent

mi=Y_ Bci+ Y fi
j K

@ Hyperparameters 6 (latent and/or likelihood)

Birgir Hrafnkelsson Editor

Statistical
Modeling Using

Bayesian Latent
Gaussian Models

= A
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Bayesian inference: Latent Gaussian models (LGMs) = P

The most important class of models...

@ Conditionally independent data y;|n;, 6

@ Latent 3"
77’ = Z /BICI/ + Z fki | Birgir Hrafnkelsson Editor
j k Sta'éis'ltical
ikali Modeling Using
@ Hyperparameters 0 (latent and/or likelihood) Bayesian Latent
@ Each componentis a GMRF (or a “small” Gaussian Models
dense)

@ Covariance is a property, not a defining
quantity
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Conditional independence
inla graph ayalRw
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Conditional independence
inla graph net§14381
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Examples

Conditional independence
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Conditional independence
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Bayesian Inference: simple ideas p

(X

@ Gaussian approximations

@ Laplace approximations

@ Variational Bayes corrections
@ Numerical integration
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Conditional independence Hierarchical formulation

Bayesian Inference: simple ideas P

@ Gaussian approximations

@ Laplace approximations

@ Variational Bayes corrections

@ Numerical integration

@ Available in R-INLA package (www.r-inla.org)



@ FactoriseQ = LL™

=

Computational issues S
Numerical methods for sparse matrices

for (i =0; i qimen§ior}5ize, i) {

[ +) {

for (k = 0; k < §; ke+

sum += L[1][k] * L

f(

)
[311k);
Le=y)
L[11(j] = sqrt(A[i][i] - sum);
se

) LI(3) = (1.0 / L[31(3] * (A[4)1(3] - sum));
o =) = E A20N €4



(///

")))
@ FactoriseQ = LL"

Computational issues
Numerical methods for sparse matrices
@ Partialinverse Q! foralli~jori=j

for (i=0; 1 dlmenslonsxze i)

sum

Lll][kl Ll]][k]
"=
else

L[ll[)] = sqrt(A[i][i] - sum);
, LEIG) = (1.0 /7 LG * (AEIG) - sum));
= = - E na
Havard Rue



Computational issues

Numerical methods for sparse matrices
@ FactoriseQ = LL"

@ Partialinverse Q! foralli~jori=j
@ Determinant log |Q|

for (i=0; 1 dlmenslonsue i)

sum

Lll][kl Ll]][k]
"=
else

L[ll[)] = sqrt(A[i][i] - sum);
, LEIG) = (1.0 7 LGIG) * (AEIG) - sum));
= = - E na
Havard Rue
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Computational issues =~

Numerical methods for sparse matrices
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Hoat wm = 0; O
@ Partialinverse Q! foralli~ jori=]. = i St
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(] Detel’mlnant |Og ‘Q’ em'—hlm = sqrt(A[i][i] - sum);
, LI105] = (1.0 7 L3103) * (A[AI(3] - sum));
@ SolveQx =bandQX =B )
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Computational issues =~

Numerical methods for sparse matrices

(*] FaCtOI’iSG Q == LLT for {‘il’:(f;rl’; ?irj.ensio;\siie(, is4) {
Hoat wm = 0; O
@ Partialinverse Q! foralli~ jori=]. = i St

. if (1 == j) _
(] Detel’mlnant |Og ‘Q’ em'—hlm = sqrt(A[i][i] - sum);
, LI105] = (1.0 7 L3103) * (A[AI(3] - sum));
@ SolveQx =bandQX =B )



Conditional independence Hierarchical formulation

Computational issues P
Numerical methods for sparse matrices

o FaCtOI’ise Q == LLT for ;: :(?;,lg ?imfniiog\ﬁ?eé i) {

@ Partialinverse Q! foralli~jori=j. S L.

. if (1 == j) .
@ Determinant log |Q| cor AL LI = T
, LI1)(3) = (1.0 7 L[3105) * (A[41(j] - sum));
@ SolveQx = bandQX =B )

Most important ingredient to scalable inference, is to handle sparse
matrices well!
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Conditional independence Hierarchical formulation

Not that much around...

O

@ HPC community like “dense” more than
“sparse” "

@ R-INLA uses TAUCS (outdated > 20 yearsago) [

@ CHOLMOD (whatis used in R, MATLAB, does
not scale well in parallel and do not handle
inverse)

@ PARDISO (good, not open-source and is now
commercial, so...)

@ etc...

@ With the right person around, we can “just Esmail Abdul Fattah
write our own”, right?




Conditional independence Hierarchical formulation

Cholesky factorisation

for (i = 0; 1 < dimensionSize; i++) {
for (j = 0; j <= 1; j++) {
float sum = 0;
for (k = 0; k < j; k++)
sum += L[1][K] * L[JI1I[K];

if (i == j)
L[i][]]

else
L[i1[j]

sqrt(A[i1[i] - sum);

§§M

(1.0 7/ LIjI031 * (A[i1[j] - sum)),

21/24



dependence Hierarchical formulation

3 years later...

(]

Sparse * Smart tructured - Scalable

A High-Performance
Framework for Spars
ces

sTiles targets the full Cholesky - solve - selected inverse

pipeline on a single shared-memory node, using tile-based

parallelism and GPU acceleration. Today's release handles

symmetric positive-definite matrices across the entire

spectrum, from very sparse to fully dense, with one unified

solver. Distributed-memory support is on the roadmap.

View Examples API Documentation
Sp:

rse Semi-Dense  Dense
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that took another year to fix
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Conditional independence Hierarchical formulation

3 years later...

We're getting there
Announced in Glasgow’25 in May

that took another year to fix

°
°

@ ..the we found some new problematic cases
°

@ Written for modern CPU and will have GPU

acceleration (for hard cases)

@ Results are very good, with excellent parallel
scaling

@ Handle hard cases particulary well
@ Open source when done
@ Stay tuned!

June 2026
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Conditional independence

A alllagc Ellall dealy

« (SD Gaidally polall
King Abdullah University of
~ Science and Technology

Havard Rue

Thank you

June 2026
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